Revised version of paper presented at SPIE Conference on Image Algebra and Morphological Image Processing, San Diego, CA, July 1990.

GENERALIZED HIT-MISS OPERATORS WITH APPLICATIONS TO DOCUMENT IMAGE ANALYSIS

Dan Bloomberg and Petros Maragos

Xerox, PARC Division of Applied Sciences 3333 Coyote Hill Rd. Harvard University Palo Alto, CA 94304, USA Cambridge, MA 02138, USA 0

Abstract

The morphological operators of a hit-miss transformation, opening, and closing are generalized in a number of ways. The new operators are useful for solving a variety of binary image analysis problems that involve pattern detection and reconstruction. Generalized openings are developed by replacing erosions with hit-miss operators. These new openings are shown to be anti-extensive, idempotent, and center-independent. Similarly generalized closings are developed and related to openings by duality. Additionally, the hit-miss operator is further generalized by replacing the erosions with rank order operators in order to improve the robustness of pattern matches based on statictical criteria. Some applications of the new operators to document image analysis are also provided.

0P. Maragos was supported by the NSF under Grant MIPS-86-58150 with matching funds from DEC, Sun, and Xerox, and in part by the ARO under Grant DAALO3-86-K-0171 to the Center for Intelligent Control Systems.

1 Introduction

The morphological opening and closing operators satisfy several elegant and useful properties, such as center-independence, idempotence, and anti-extensivity or extensivity, in addition to the general morphological properties of translation invariance and increasing. However, because they are restricted to only “hits” and “don’t-cares” in the structuring element (abbreviated as SE), they are severely limited in generality. The hit-miss operator (HMO), on the other hand, is an extremely general pattern-matching operator, introduced in [16]. It is a generalization of the erosion to SEs that specify “misses” as well as “hits”, but it lacks the fundamental property of the erosion to be increasing. Erosions have some kind of ubiquitous nature since all translation-invariant and increasing image set operators can be represented as a union of erosions [10, 9]. Similarly, union of hit-miss operators can represent various kinds of translation-invariant operators [2, 1].

The opening operator is an erosion followed by a dilation with the same SE. Hence, it can be viewed as a sequence of two operators performing pattern detection and pattern reconstruction. The opening has several interesting properties. Specifically, it is independent from the center of the SE because the image translations for the erosion and dilation, indirectly induced by the SE, are in opposite directions. The opening is idempotent because each pixel remaining after the erosion represents a pattern match of the SE element to the original image, and is subsequently dilated by the SE to reproduce exactly those pixels in the original image that were responsible for the initial pattern match. When the opening is repeated, the erosion re-converts each dilated set of pixels to the same set that was obtained after the first erosion. The opening is also anti-extensive since the opened image is always contained within the original image.

The initial motivation for this work was to construct generalizations of the opening and closing operators that include SEs with both hits and misses and that share most of the special properties of the standard opening and closing operators for applications encountered in document image analysis. From the foregoing, one might guess that an HMO followed by a dilation by only the hits in the SE would be one such generalization for the opening. This generalized opening would reproduce all the hits in the original image for which the HMO gives an exact pattern match. Thus, it would extract shape features, in their entirety, from the image, and the result would be a fixed point of simple operators related to the specified shapes. Use of such generalized openings, with SEs composed of both hits and misses, implicitly broadens our view of the patterns that are being matched. When SEs are composed of hits only, they are naturally viewed in terms of shapes to be matched in the image. But when misses are introduced into the SE, we can alternatively consider that the patterns being matched are shortrange textures. The generalized opening then extracts textural components, again in their entirety. The dividing line between shape and textural properties is not well defined, but short-range texture can be intuitively understood as the local geometric relations between hits and misses in the image. This is exactly what is specified by the SE.

In the standard opening and closing operators, the foreground and background pixels are implicitly treated differently by using SEs that specify only foreground pixels. However, when generalizing from the HMO, where both foreground and background pixels are specified, one may also wish to consider the case where the subsequent dilation involves the background pixels.

Corresponding to any generalized opening operator, there is a dual generalized closing that must satisfy the same general set of properties as the generalized opening, and in fact is equivalent to a generalized opening on the background with an appropriately transformed SE.

Similar generalizations can also be made by using rank order operators. A rank order operator on a binary image is equivalent to a thresholded convolution by a binary SE. When the SE consists only of hits, as in the usual definition, the rank order operator is shift-invariant and increasing, and the morphological erosion and dilation are special cases. Rank order operators are useful for pattern matching because they have greater immunity than erosion to noise and shape distortion, but they are more complicated computationally. When a rank order operator is followed by a dilation by the SE, a type of opening results where shapes, specified by the SE that are only partially matched by the rank order, are reproduced in their entirety on the resulting image. In analogy with the generalized openings derived from the HMO, the HMO can first be generalized to a rank order operator that uses a SE with both hits and misses. This rank order operator can subsequently be generalized to an opening by dilating the result of the rank order by only the hits in the SE. As with the simpler morphological operators, the motivation for using such operator sequences is the expanded set of invariance properties.

In the following sections, we first define and then derive properties of the generalized openings and generalized closings. There are two types of each, that we call foreground and background openings and closings, and that are simply related to each other. The foreground operators are idempotent, whereas the background operators are only fixed points of opening by the hits. We then discuss two generalizations of the HMO that improve the robustness of the pattern match. The first is a computationally efficient method we call a blur match, that gives immunity to noise near shape boundaries. A more flexible method is the thresholded convolution (or rank order filter), that gives an optimum rule (according to Bayesian decision theory) for detecting shapes corrupted by salt and pepper noise. Finally, the hit-miss rank order operator is extended to a generalized rank order opening that allows reconstruction of partially occluded shapes and textures.

2 Generalized Opening

Let the planar set X represent a binary image and let the compact set A be a structuring element. The erosion ⊖ and dilation ⊕ of X by A are defined as X ⊖ A = {z : A + z⊆ X} = ⋂ z∈A X − z (1) X ⊕ A = {z : Ǎ + z ∩ X ≠ ∅} = ⋃ z∈A X + z (2)

where Ǎ = {−a : a ∈ A} is the reflection of A with respect to the origin and X ± z = {x ± z : x ∈ X} is the translation of X along the pixel vector ±z.

The hit-miss transformation of X by a disjoint pair (A, B) of SEs is defined in [16] as the set operator X ⊗ (A, B) = (X ⊖ A) ∩ (X^c ⊖ B) (3) where A is the “hit” SE and B is the “miss’ SE. By “hits” we will mean in this paper intersection with the foreground of X, whereas the “misses” will refer to intersection with the background of X, i.e., the set complement X^c. Thus the HMO is the intersection of a foreground erosion and a background erosion. For brevity, we will often refer to the disjoint pair (A, B) of SEs as a single SE with both hits and misses. It should be noted that they are both defined with respect to the same center position.

Let us correspond the sets X, A, B with their indicator functions x, a, b, which are binary image signals; i.e., x(n) = 1 if n ∈ X and x(n) = 0 if n ∉ X, where n is a pixel location. Then the erosion X ⊖ A is equivalent to a thresholded convolution of the image x with the binary impulse response a. Specifically, if U : (−∞, ∞) → {0, 1} is the unit step function defined by U(s) = 1 if s ≥ 0 and U(s) = 0 if s < 0, |A| denotes the number of pixels in the window set A, and ∗ denotes convolution, then the binary signal U(x ∗ a − |A|) (4) is the indicator function of the set X ⊖ A. Similarly, as discussed in [7], the HMO X⊗(A, B) is equivalent to the minimum of the two thresholded binary convolutions U(x ∗ a − |A|) and U[(1 − x) ∗ b − |B|]. As such the HMO on binary images can also be viewed as a perceptron [11] with two-valued weights. Namely, the binary signal U[x ∗ (a − b) − |A|] (5) is the indicator function of X⊗(A, B). Because A and B are disjoint, the nonzero values of the mask signal a − b, which contains the weights for the perceptron, are +1 for the points in A and −1 for the points in B. Alternatively, the erosion X ⊖ A can be viewed as a binary matched filter that detects the locations of the foreground template A in the image X, whereas the HMO X⊗(A, B) is a matched filter that detects the combination of the foreground/background template pair (A, B). Such binary matched filters are discussed in [4, 15].

The ordinary opening X∘A = (X ⊖ A) ⊕ A of X by A is an erosion followed by a dilation. Replacing the erosion by an HMO leads to what we call a “generalized opening”.^1 Specifically, we define the generalized foreground opening of X by (A, B) as the set transformation Ψ(X; A, B) = [X ⊗ (A, B)] ⊕ A. (6) Whenever (A, B) are implied, we shall use the simpler notation Ψ(X). Thus the generalized foreground opening is an HMO followed by a dilation with the hit SE A. It is a set consisting of the union of hits for all matches of the HMO.

As an example of the use of the generalized foreground opening, suppose we wish to extract from the image all lower edges of horizontal lines that have a given minimum length of 20 pixels. This can

1In recent work [17, 5] on morphological operators based on lattice theory, an “opening” is defined as any increasing, anti-extensive and idempotent operator. What we define in this paper as “generalized openings” lack the increasing property.

be accomplished with a generalized foreground opening using the SE in Figure 1a. The filled circles are hits and the empty circle is a miss, and the reference point for the SE is indicated by a cross in one of the hits. When Ψ is applied to the image in Figure 2, the extracted edges are shown in Figure 3a. Because we are using only one miss near the center of the SE, these edges extend into the regions where the horizontal and vertical lines intersect. If such extension is not desired, it can be prevented by placing two misses at the ends of the SE. If we wish to sieve the horizontal lines, finding all horizontal lines of width equal to or less than 3 pixels (for example), the SE in Figure 1b can be used with the generalized foreground opening. The result when applied to the image in Figure 2 is shown in Figure 3b. As expected, the thin lines, in their entirety, have been extracted.

We now derive several properties of the generalized foreground opening.

PROPERTY 1 . The generalized foreground opening is anti-extensive; i.e., Ψ(X; A, B)⊆ X∘A⊆ X . (7) Proof. Since X⊗(A, B)⊆ X ⊖ A and since dilation is a monotone increasing operator (i.e., X⊆ Y =⇒ X ⊕ A⊆ Y ⊕ A), we have Ψ(X)⊆ (X ⊖ A) ⊕ A = X∘A⊆ X. □ PROPERTY 2 . The generalized foreground opening is center-independent, i.e., independent of the location of the SE pair; thus, for all vectors z,

Ψ(X; A + z, B + z) = Ψ(X; A, B). (8)

Proof. Intuitively, a shift of the center of (A, B) by z causes an equivalent shift in the location of the HMO, and an opposite shift in the location of a dilation. Hence the sequence of HMO and dilation is center-independent. Formally,

X ⊖ (A + z) = (X ⊖ A) − z ; X^c ⊖ (B + z) = (X^c ⊖ B) − z.

Hence, S = X⊗(A + z, B + z) = [X⊗(A, B)] − z. Since S ⊕ (A + z) = (S ⊕ A) + z, the proof of (8) is complete. □ By a similar argument as in the previous property, all generalized operators defined in this paper are independent of the location of the SE pair.

PROPERTY 3 . The generalized foreground opening is idempotent; i.e.,

Ψ[Ψ(X)] = Ψ(X) . (9)

Proof. First note that, since Ψ is anti-extensive, we have Ψ[Ψ(X)]⊆ Ψ(X) (10) To prove (9) we need only to show that Ψ[Ψ(X)] ⊇Ψ(X). Let Y = X⊗(A, B). Then Ψ(X) ⊖ A = (Y ⊕ A) ⊖ A = Y •A ⊇Y (11) where • is the ordinary closing. Since Ψ(X)⊆ X it follows that [Ψ(X)]^c ⊇X^c and hence [Ψ(X)]^c ⊖ B ⊇X^c ⊖ B. Then, since Y ⊆ X^c ⊖ B, we have [Ψ(X)]^c ⊖ B ⊇Y (12) From (11) and (12) it follows that Ψ(X)⊗(A, B) ⊇Y , which in turn yields Ψ[Ψ(X)] ⊇Y ⊕ A = Ψ(X) (13) Hence, from (10) and (13) it follows that Ψ[Ψ(X)] = Ψ(X), and the proof is complete. □ We can also define a generalized background opening as the following set transformation ψ(·): ψ(X; A, B) = [X⊗(A, B)] ⊕ B . (14) Thus the generalized background opening is an HMO followed by a dilation with the miss SE. As we do for Ψ, whenever (A, B) are implied, we will use the simpler notation ψ(X).

In Figures 4a and 4b, we show the generalized background opening of the image in Figure 2, using the SEs in Figure 1a and 1b, respectively. These sets are contained within the background of Figure 2. The generalized background opening is a set consisting of the union of misses for all matches of the HMO.

PROPERTY 4 . The generalized background opening of X is a subset of X^c; i.e., ψ(X; A, B)⊆ X^c∘B⊆ X^c . (15) Proof. Since X⊗(A, B)⊆ X^c ⊖ B and since dilation is monotone increasing, we have ψ(X)⊆ (X^c ⊖ B) ⊕ B = X^c∘B⊆ X^c. □ LEMMA 1 . For any set S, the set S ⊕ A is a fixed point of the opening by A. Similarly, the set S ⊖ A is a fixed point of the closing by A.

Proof. See [16, p.53]. □ This Lemma implies the following property.

PROPERTY 5 . The generalized foreground opening by (A, B) is a fixed point of the opening by A, i.e., [Ψ(X; A, B)]∘A = Ψ(X; A, B) (16) and the generalized background opening by (A, B) is a fixed-point of the opening by B, i.e., [ψ(X; A, B)]∘B = ψ(X; A, B) . (17) By performing both operators Ψ(X) and ψ(X), i.e., by dilating the HMO with the hit SE and separately with the miss SE, we obtain two new binary images, which are subsets of the original image foreground and background, respectively. Thus the original image plane is partitioned now into 3 sets of pixels: (i) the pixels of Ψ(X), which are contained in X; (ii) the pixels of ψ(X), which are contained in X^c; and (iii) the rest, which are the pixels of [Ψ(X) ∪ ψ(X)]^c. This information cannot be cast simply as a binary image. We need three different gray levels, one for each of the three classes of pixels. Clearly, the pixel class (iii) is the least important and can be treated as the new “background”.

The following property reveals that there is a close relationship between Ψ and ψ. PROPERTY 6 . The generalized background opening of X by (A, B) is equal to the generalized foreground opening of X^c by (B, A); i.e., ψ(X; A, B) = Ψ(X^c; B, A) . (18) Proof. From the definitions of Ψ and ψ we have ψ(X; A, B) = [(X ⊖ A) ∩ (X^c ⊖ B)] ⊕ B = [(X^c ⊖ B) ∩ (X ⊖ A)] ⊕ B = Ψ(X^c; B, A). □ Finally, the center independence of ψ follows from (18) and the center independence of Ψ.

3 Generalized Closing

The duality relation between erosion and dilation, as well as between opening and closing, states that (X^c ⊖ A)^c = X ⊕ Ǎ (19)

X•A = (X^c∘^ˇA)^c (20)

where X•A = (X ⊕ A) ⊖ A is the ordinary closing of X by A. Next we introduce a generalized closing based on the duality principle. That is, we define the generalized foreground closing of X by (A, B), denoted by Φ(X; A, B) or simply by Φ(X) if (A, B) are understood, as follows: Φ(X; A, B) = [Ψ(X^c; Ǎ, B̌)]^c (21)

PROPERTY 7 . The generalized foreground closing is a “dual HMO” followed by an erosion; i.e,

Φ(X; A, B) = [(X ⊕ A) ∪ (X^c ⊕ B) dual HMO

] ⊖ A (22)

Proof. From the definitions of Φ and Ψ we have

Φ(X; A, B) = [Ψ(X^c; Ǎ, B̌)]^c = [[(X^c ⊖ Ǎ) ∩ (X ⊖ B̌)] ⊕ A]^c = [(X^c ⊖ Ǎ) ∩ (X ⊖ B̌)]^c ⊖ A = [(X^c ⊖ Ǎ)^c ∪ (X ⊖ B̌)^c] ⊖ A = [(X ⊕ A) ∪ (X^c ⊕ B)] ⊖ A . □ The “dual HMO” is the union of two dilations: of X by the hit SE (A), and of X^c by the miss SE (B). It consists of all points in an image X where either the translated hit SE Ǎ intersects at least one ON pixel or the translated miss SE B̌ intersects at least one OFF pixel. Thus, the “dual HMO” is the set of pixels where there is at least a partial match to the SE, and the generalized foreground closing is a “dual HMO” followed by erosion by the hit SE. The generalized foreground closing, defined in (22), can also be visualized as the set complement of a generalized foreground opening on the background. In this view, it is the set complement of the union of hits for all matches to the set complement image (where the SE must also be spatially inverted). Figure 5a shows the action of Φ on the image in Figure 2, using the SE in Figure 1a as before. The lines of OFF pixels in Figure 5a are produced by first finding those points in the image where the line of hits intersects OFF pixels and the single miss intersects an ON pixel (this occurs on the top edges of the lines and on the top pixels of the text), and then eroding the result by the line of hits. Note that the resulting lines of connected OFF pixels are continuous in the text section.

As for the generalized openings, we define the generalized background closing of X by (A, B), denoted by ϕ(X; A, B) or simply by ϕ(X) if (A, B) are implied, as follows:

ϕ(X; A, B) = [ψ(X^c; Ǎ, B̌)]^c (23)

By working in a similar way as for the foreground closing it can be shown that the generalized background closing is a “dual HMO” followed by an erosion by the miss SE; i.e, ϕ(X; A, B) = [(X ⊕ A) ∪ (X^c ⊕ B) dual HMO

] ⊖ B (24)

Figure 5b shows the action of the generalized background closing on the image in Figure 2, using the SE in Figure 1a. The background in Figure 2 is contained within this set. We next give several properties of the generalized foreground and background closing.

PROPERTY 8 . The generalized foreground closing is extensive; i.e., Φ(X; A, B) ⊇X•A ⊇X . (25) Proof. Since (X ⊕ A) ∪ (X^c ⊕ B) ⊇X ⊕ A, and since erosion is a monotone increasing operator (i.e., X⊆ Y =⇒ X ⊖ A⊆ Y ⊖ A), we have Φ(X) ⊇(X ⊕ A) ⊖ A = X•A ⊇X. □ PROPERTY 9 . The generalized foreground closing is idempotent; i.e., Φ[Φ(X)] = Φ(X) . (26) Proof. This follows from (21) and the idempotence of the generalized foreground opening: Φ[Φ(X; A, B)] = [Ψ([Φ(X; A, B)]^c; Ǎ, B̌)]^c = [Ψ([Ψ(X^c; Ǎ, B̌)]; Ǎ, B̌)]^c = [Ψ(X^c; Ǎ, B̌)]^c = Φ(X; A, B) . □ PROPERTY 10 . The generalized background closing of X contains X^c; i.e., ϕ(X; A, B) ⊇X^c•B ⊇X^c . (27) Proof. Since (X ⊕ A) ∪ (X^c ⊕ B) ⊇X^c ⊕ B, and since erosion is increasing, we have ϕ(X) ⊇(X^c ⊕ B) ⊖ B = X^c•B ⊇X^c. □ PROPERTY 11 . The generalized foreground closing by (A, B) is a fixed point of the closing by A, i.e., Φ(X; A, B)•A = Φ(X; A, B) (28) and the generalized background closing by (A, B) is a fixed point of the closing by B, i.e., ϕ(X; A, B)•B = ϕ(X; A, B) . (29) Proof. It follows directly from Lemma 1. □

PROPERTY 12 . The generalized background closing of X by (A, B) is equal to the generalized foreground closing of X^c by (B, A); i.e.,

ϕ(X; A, B) = Φ(X^c; B, A) . (30)

Proof. This follows from the definitions (21) and (23). □ So far we have seen that the two generalized openings Ψ and ψ yield two sets whose union is a subset of the original information; i.e., Ψ(X)⊆ X and ψ(X)⊆ X^c. By contrast, the two generalized closings Φ and ϕ yield two sets whose union is larger than the original information; i.e., Φ(X) ⊇X and ϕ(X) ⊇X^c. We next show the ability of the generalized openings and closings to extract textural patterns. Consider the hit-miss SE, given in Figure 6, which has a short-range periodic texture. Figure 7 shows the application of the HMO and the generalized openings and closings, using this SE, to an image. The strength of the HMO signal (b) should be contrasted with that of the generalized foreground opening in (c), which shows all the foreground pixels in (a) that participate in the HMO match. The generalized background opening in (d) shows background pixels in (a) that participate in the HMO match. The OFF pixels in the generalized foreground closing (e) are background pixels in (a) that are not selected by the dual HMO followed by an erosion of thel hit part of the SE. In this example, the number of such pixels is large and comparable to that of the foreground pixels in (c). Finally, the OFF pixels in the generalized background closing (f) are foreground pixels in (a) that are not selected by the dual HMO followed by an erosion of the miss part of the SE. ¿From this example, it is apparent that these operators can extract signals corresponding to textural patterns within images that are of greater strength than may be expected from visual observation.

4 HMO with Rank Order Filters

The HMO of X by (A, B) detects the set of pixel locations at which A occurs in X and B occurs in X^c. Thus the HMO is a binary matched filter that acts simultaneously both on the image foreground and its background. Because it attempts to perform an exact matching, it is sensitive to noise, occlusions of image parts, or uncertainties about the exact shape of the hit or miss SE. To make it more robust one could perform a union of HMOs, each with slightly different SEs. This is the shape recognition approach followed in [2]; however, it could be computationally very intense due to the potentially large number of SEs.

Blur Matching: A more efficient method for improving the robustness of the match is to compute a blur match. In distinction with the exact match of an HMO, we define a blur-match HMO (BHMO) to require that (i) there is an ON pixel within a radius r_1 of each hit, and (ii) there is an OFF pixel within a radius r_2 of each miss. For SEs that describe shapes to be matched in the image, the blur match gives immunity to pixel noise that occurs near the shape boundaries. Fortunately, this blur match is computed efficiently by first dilating the image by a disk SE R_1 of radius r_1 and dilating the set complement image by a disk SE R_2 of radius r_2, before computing the intersection of erosions in (3) for the HMO:

BHMO(X; A, B; R_1, R_2) = [(X ⊕ R_1) ⊖ A] ∩ [(X^c ⊕ R_2) ⊖ B] (31)

A generalized foreground blur opening is then generated by following the BHMO by a dilation by A:

Ψ_{blur}(X; A, B; R_1, R_2) = [((X ⊕ R_1) ⊖ A) ∩ ((X^c ⊕ R_2) ⊖ B)] ⊕ A . (32)

Obviously, the generalized foreground blur opening by (A, B) is a fixed point of the opening by A.

A more flexible approach for constructing a robust generalized opening is to replace the erosions in the HMO with more general filters. There are two such generalizations, which, although different in their definition and implementation, are theoretically equivalent. These are the threshold convolution and the rank order filtering approach. In the remainder of this section, we will assume that we deal only with discrete signals.

Threshold Convolution: Let us represent the image set X with its 2-D binary indicator signal x. Similarly, let w be the the binary signal representing a finite SE W , which is also viewed as a window of pixels. Consider the following thresholded convolution of the input signal x with w, evaluated at pixel location n, U[x ∗ w(n) − θ] (33) where θ is a variable threshold. If θ = |W |, then (33) is equivalent to the erosion of X by W . However, if θ < |W |, then the threshold convolution imposes looser conditions than erosion on detecting W in X, and hence it could potentially be more robust by adjusting θ. These ideas have been applied to several template matching approaches for binary object detection, as described in [4, 15, 13].

Rank Order Filtering: Given a discrete-argument signal f and a finite subset W of its domain, the r-th rank order transformation of f by W yields the signal

f□_rW (n) = r − th largest of f(n + k), k ∈ W (34)

where r = 1, 2, ..., |W |. Applying rank order filters to the binary signal x representing a set X yields a binary signal too.^2 In [8] a set-theoretic definition of binary rank order filters was given that avoids sorting and uses only pixel counting; thus the r-th rank order transformation of X by W is X□_rW = {z : |X ∩ (W + z)| ≥ r} (35) Note that if r = |W |, then X□_rW becomes the erosion X ⊖W ; for r = 1 we get a dilation. Obviously, the threshold convolution (33) and the binary rank order filtering (35) yield identical binary signals if θ = r. In [7] it was shown that the convolution of a binary signal f with a binary ‘template’ signal w (representing a finite SE W ) compared to a threshold, or its equivalent rank order operator, is the

2Binary rank order filters were used in [3]. Rank order filters for non-binary signals were used in [6, 12]. For relationships between rank order and morphological operators see [8].

optimum (using a Bayesian formulation ) decision for detecting w in f, when f contains a shifted version of w corrupted with binary salt-and-pepper noise. We analyze this case here to motivate the use of rank order filtering in HMOs. We approach the problem of image object detection in the presence of noise from the viewpoint of statistical hypothesis testing and rank order filtering. Assume that the (part of the) observed binary image f, in a W neihborhood around a pixel location k at which a decision is to be taken, has been generated under one of the following two probabilistic hypotheses:

H_0 : f(n) = e(n), n ∈ W + k. H_1 : f(n) = |w(n − k) − e(n)|, n ∈ W + k. Hypothesis H_1 (H_0) stands for “object present” (“object not present”) at pixel location k. The “object” w is a deterministic binary template. e is a stationary binary noise random field which is a 2-D sequence of independent identically distributed (i.i.d.) random variables taking value 1 with probability p < 0.5 and 0 with probability 1 − p. W + k is the template window shifted at location k. The absolutedifference superposition between w and e under H_1 forces f to always have values 0,1. Intuitively, such a signal/noise superposition means that the noise e toggles the value of w from 1 to 0 and from 0 to 1 with probability p at each pixel. This noise model can be viewed either as the common binary symmetric channel noise in signal transmission or as a binary version of the salt-and-pepper noise. To decide whether the object w occurs at k we use a Bayes decision rule that minimizes the total probability of error and hence leads to the likelihood ratio test

P r(f/H_1) P r(f/H_0) H_1 > < H_0

P r(H_0) P r(H_1)

= λ (36)

where P r(f/H_i) are the likelihoods of H_i with respect to the observed image f, and P r(H_i) are the a priori probabilities. Due to the i.i.d. assumption about e, P r(f/H_0) = ∏ n∈W +k p^{f(n)}(1 − p)^{1−f(n)} (37)

Under H_1 and since f, w, e are binary, e(n) = |f(n) − w(n − k)| for n ∈ W + k and hence P r(f/H_1) = ∏ n∈W +k p^{|f(n)−w(n−k)|}(1 − p)^{1−|f(n)−w(n−k)|} (38) Substituting these into (36) and taking logarithms of both sides yields

∑ n∈W +k f(n) − |f(n) − w(n − k)| H_1 > < H_0 λ_0 = log λ log[(1 − p)/p]

Expanding the absolute difference and cancelling common terms gives

∑ n∈W +k f(n)w(n − k) H_1 > < H_0 θ = λ_0 + |W | 2 (39)

Thus, the selected statistical criterion and noise model lead to compute the binary correlation between a noisy image and a known image object and compare it to a threshold for deciding whether the object is present. Since this optimum decision rule involves only a thresholded convolution, it is equivalent to a rank order filter.

In [14] a composition of rank order filter and a dilation was proposed for feature detection as a robust replacement of the ordinary opening. This r-th rank-dilation operator of a (binary or nonbinary) signal f by a binary template (set) W consists of the r-th rank order transformation of f by W followed by a dilation by W . Thus the rank order operator replaces the erosion in an ordinary opening and (by varying r) serves in detecting W more robustly than the erosion, whereas the dilation redraws W at the detected locations. The same operator was called rank opening in [7] and shape inference opening in [18]. In [14] the rank-dilation operator was further superimposed with the original image using pointwise minimum, which makes it anti-extensive and idempotent.^3

Motivated by the above ideas, where rank order operators can improve the performance of matched filters when they replace erosions in cases of noise or shape distortion, we will use rank order filters in the HMO of the generalized opening. Thus, for a given disjoint SE pair (A, B), we define the (p, q)-th rank hit-miss transformation of X by (A, B) as the set operator X ⊗_{p,q} (A, B) = (X□_pA) ∩ (X^c□_qB) (40) where p = 1, 2, ..., |A| and q = 1, 2, ..., |B|. Then, the (p, q)-th generalized foreground rank opening of X by (A, B) is the set operator

Ψ_{p,q}(X; A, B) = [(X□_pA) ∩ (X^c□_qB)] ⊕ A (41)

Thus Ψ_{p,q} consists of a rank HMO followed by dilation with the hit SE. Of course, the generalized foreground rank opening by (A, B) is a fixed point of the opening by A. Similarly, we can define the rank order versions of the other generalized openings and closings.

PROPERTY 13 . The generalized foreground rank opening by (A, B) is not in general idempotent, except in the case where p = |A| and q = |B|, where it reduces to the previously defined generalized foreground opening Ψ.

3In general, note that if Γ(·) is any increasing set operator, then the operator X → X∩Γ(X) is increasing, anti-extensive, and idempotent.

Proof. Consider an image with m ON pixels in a horizontal line, and a SE A with n < m horizontal hits. If p < n, the rank order operator will cause the image to shrink to m − p + 1 pixels, and the subsequent dilation expands it to m + n − p pixels, which is larger than m pixels. Each subsequent application of the generalized rank order opening will also increase the image by n − p pixels. □ Finally, note that all the ideas presented in this section on rank HMOs and generalized rank openings of a (binary image) set X can be extended easily to gray-level images f by replacing all rank order set transformations with rank order filters acting on gray-level images; replacing ∩ with pointwise minimum; and replacing X^c with m − f where m is the maximum gray amplitude.

References

[1] G. J. F. Banon and J. Barrera, “Minimal Representations for Translation-invariant Set Mappings by Mathematical Morphology”, to appear in SIAM J. Appl. Math.

[2] T. R. Crimmins and W. M. Brown, “Image Algebra and Automatic Shape Recognition,” IEEE Trans. AES-21, Jan. 1985.

[3] G. P. Dinneen, ”Programming pattern recognition”, in Proc. Western Joint Comput. Conf., pp.94- 100, 1955.

[4] R. O. Duda and P. E. Hart, Pattern Classification and Scene Analysis, NY: Wiley, 1973.

[5] H. J. A. M. Heijmans and C. Ronse, “The Algebraic Basis of Mathematical Morphology. I. Dilations and Erosions”, Computer Vision, Graphics, and Image Processing 50, pp. 245-295, 1990.

[6] B.I. Justusson, “Median Filtering: Statistical Properties,” in Two-Dimensional Digital Signal Processing II: Transforms and Median Filters (T.S. Huang, ed.), Springer Verlag, N.Y., 1981.

[7] P. Maragos, “Optimal Morphological Approaches to Image Matching and Object Detection”, in Proc. Int. Conf. Computer Vision ’88, Tarpon Springs, FL, Dec. 1988.

[8] P. Maragos and R. W. Schafer, “Morphological Filters - Part II: Their Relations to Median, Order- Statistic, and Stack Filters,” IEEE Trans. Acoust. Speech Signal Process., ASSP-35, pp. 1170- 1184, Aug. 1987; ibid., ASSP-37, p. 597, Apr. 1989.

[9] P. Maragos and R. W. Schafer, “Morphological Systems for Multidimensional Signal Processing”, Proc. IEEE, vol. 78, pp. 690-710, Apr. 1990.

[10] G. Matheron, Random Sets and Integral Geometry, J. Wiley, 1975.

[11] M. Minsky and S. Papert, Perceptrons, MIT Press, Cambridge, MA, 1972.

[12] T. A. Nodes and N. C. Gallagher, Jr., ”Median Filters: Some Modifications and Their Properties”, IEEE Trans. Acoust. Speech, Signal Process., ASSP-30, pp.739-746, Oct. 1982.

[13] K. Preston, Jr., and M. J. B. Duff, Modern Cellular Automata - Theory and Applications, NY:

Plenum Press, 1984.

[14] C. Ronse, “Erosion of Narrow Image Features by Combination of Local Low Rank and Max Filters”, in Proc. 2nd Int. Conf. on Image Processing and its Applications, London, June 1986.

[15] A. Rosenfeld and A. C. Kak, Digital Picture Processing, Acad. Press, 1982. [16] J. Serra, Image Analysis and Mathematical Morphology, Acad. Press, 1982. [17] J. Serra (Ed.), Image Analysis and Mathematical Morphology, Vol. 2: Theoretical Advances, Acad. Press, 1988.

[18] S. S. Wilson, ”Vector Morphology and Iconic Neural Networks”, IEEE Syst. Man Cybern., SMC- 19, pp.1636-1644, 1989.